The field of spin hydrodynamics aims to describe magnetization dynamics from a fluid perspective. For ferromagnetic materials, there is an exact mapping between the Landau-Lifshitz equation and a set of dispersive hydrodynamic equations. This analogy provides ample opportunities to explore novel magnetization dynamics and magnetization states that can lead to applications relying entirely upon magnetic materials, for example, long-distance transport of information. This article provides an overview of the theoretical foundations of spin hydrodynamics and their physical interpretation in the context of spin transport. We discuss other proposed applications for spin hydrodynamics as well as our view on challenges and future research directions.
Introduction
A new paradigm for magnetic-based technologies is to expand the functionality and energy efficiency of spintronic devices [1] by utilizing spin currents [2, 3] . Spin currents describe the transport of angular momentum by particles or quasi-particles. The quintessential spin-carrying particle is the electron. Spin currents carried by electrons can be generated in nonmagnetic [4, 5] and magnetic [6, 7] metals, but are necessarily accompanied by a net charge current. This charge current incurs energy dissipation via Joule heating that limits the energy efficiency of charge-to-spin interconversion. Despite this shortcoming, spin currents hold promise for current-controlled magnetization dynamics and their applications [3] Spin waves are fundamental magnetic excitations that also carry spin current as quantum-mechanical quasi-particles known as magnons [8] . In the context of spin transport, the spin transfer torque [9, 10] Email address: ezio.iacocca@colorado.edu (Ezio Iacocca) and the spin pumping [11, 12] effects provide an interconversion mechanism between angular momentum and charge currents at a magnet / metal interface. A technological advantage of spin waves is that their existence is independent of the conduction properties of the material. This implies that energy dissipation associated to conduction electrons is minimized. However, spin waves are subject to scattering processes that ultimately limit their coherence [13] .
The amplitude of a spin wave decays exponentially with a decay length equal to v g /(2ωα) [14] , where v g , ω, and α are, respectively, the spin wave group velocity, angular frequency, and the magnetic Gilbert damping parameter [15] . To maximize the decay length, low damping materials such as Permalloy (Ni 80 Fe 20 ) and YIG have been regularly used for research on all-magnetic logic and computation [16] . Decay lengths on the order of micrometers have been obtained in these materials [14, 17, 18] . Recently, long-distance spin transport in amorphous Yttrium-Iron ferrite [19] and antiferromagnetic haematite [20] was measured experimentally. However, the finite Gilbert damping parameter and the concomitant exponential decay of spin waves remains a presently insurmountable limitation for magnon-based technologies.
To beat exponential decay, other forms of spin transport must be explored. Spin hydrodynamics offers such an alternative via the stabilization of noncollinear, large-amplitude magnetization states in magnetic materials with dominant easy-plane anisotropy. Because of its potential impact on technologies that rely on the control of spin, the field of spin hydrodynamics has experienced a rapid growth over the last five years, including recent experimental evidence [21, 22] for hydrodynamic-like spin transport.
In light of multiple recent theoretical developments, we provide in this article an overview of the theoretical studies on spin hydrodynamics in ferromagnetic materials. We review the dispersive hydrodynamic formulation of magnetization dynamics and its physical interpretation. We also discuss the theoretical predictions pertaining to the properties of ideal and current-induced spin hydrodynamic states in the context of long-distance spin transport. Finally, we discuss challenges and possible research directions.
Fluid interpretation of magnetization dynamics

Micromagnetic equations of motion
The dynamics of the ferromagnetic space-and time-dependent magnetization vector M can be described by the Landau-Lifshitz (LL) equation [23] 
where M s = |M| is the saturation magnetization, γ is the gyromagnetic ratio, µ 0 is the vacuum permeability, and α can be utilized in the LL form of Eq. (1) when α 1. H eff is an effective field that models the relevant physics acting on the magnetic material. For simplicity, we primarily consider thin film materials with dominant uniaxial symmetry so that the effective field includes an external field, uniaxial anisotropy, and exchange,
Here, h k = H k /M s is a perpendicular anisotropy field that can arise, e.g., from surface effects in multilayers [24] ; the (−M ·ẑ)ẑ term corresponds to the local demagnetizing field in a thin film with a uniform magnetization in the perpendicular-to-plane directionẑ; and λ ex = 2A/(µ 0 M 2 s ) is the exchange length with A being the exchange constant.
We can identify two fundamentally distinct hydrodynamic regimes by introducing the quantity σ = sgn(1 − h k ). The sign σ = 1 represents materials with easy-plane anisotropy, e.g. Py, which we will show to be hydrodynamically stable, and σ = −1 represents materials with perpendicular magnetic anisotropy, e.g., Co/Ni multilayers, which are hydrodynamically unstable. The case σ = 0, i.e., h k = 1, represents isotropic ferromagnets that are not considered here.
To simplify notation, it is convenient to work with the dimensionless LL equation [25] 
where m = M/M s , fields are scaled by |1 − h k |M s , space is scaled by |1 − h k |λ −1 ex , and time is scaled by
Hydrodynamic transformation
The fluid interpretation of the LL equation, Eq. (1), was first proposed by Halperin and Hohenberg [26] in the context of spin wave dispersion. For an easy-plane ferromagnet, a canonical transformation between the magnetization vector and a spin density and fluid velocity is [27] 
where the normalized magnetization is m = (m x , m y , m y ), n is the longitudinal spin density, and u is the fluid velocity equal to the negative gradient of the azimuthal angle Φ.
The spin density defined in Eq. (4a) is bounded by the magnetization vector magnitude, |n| ≤ 1. In contrast with typical fluids, the spin density is also signed. When the density is either +1 or −1, the azimuthal angle Φ, hence the fluid velocity u, is not defined. This implies that n = ±1 corresponds to vacuum [25] . In contrast, n = 0 corresponds to density saturation.
The fluid velocity given in Eq. (4b) is irrotational, i.e., ∇ × u = ∇ × (−∇Φ) = 0 in non-vacuum regions where Φ is defined. A direct consequence is that vortices can only appear in a quantized manner via a density vacuum point [28] . Theoretically, the fluid velocity is unbounded. However, because the transformation (4) is applied to the LL equation in a micromagnetic approximation, the concept of a fluid velocity is valid insofar as |u| |1 − h k | −1/2 , corresponding to physical length scales larger than or on the order of λ ex .
To better illustrate the physical meaning of the fluid velocity, it is insightful to consider the simple case of a spin supercurrent [29] where n = 0 and the azimuthal angle is a linear function of space, e.g., Φ = −ūx.
This describes a spiraling, static magnetization texture with a constant phase difference between neighboring magnetization vectors similar to a spin-density wave (SDW) [30] as depicted in Fig. 1 . The fluid velocity is simply equivalent to the SDW wavenumber. Note that we have not considered any time dependence. As such, the fluid velocity can be nonzero even for a static texture such as a SDW [25, 31] . We stress that SDWs are defined for any n =n that can be stabilized by an external field h 0 = −nẑ for |n| < 1 [31] . 
Noncollinear magnetization states
Dispersive hydrodynamic formulation
Performing the transformation (4) on the dimensionless LL equation (3a) and (3b) yields a set of dispersive hydrodynamic (DH) equations [25, 31] 
These equations are an exact transformation of the LL equation. The fluid velocity Eq. (5b) was derived by taking the gradient of the phase or potential equation
which, when α = 0, can be interpreted as the magnetic analogue of Bernoulli's equation.
The physical interpretation of each term in Eqs. (5a) and (5b) is specified. Exchange results in longwave spin density and velocity fluxes in Eqs. (5a) and (5b). These types of long-wave nonlinear effects are well-known in fluid dynamics to give rise to self-steepening and shock formation [32] . Exchange dispersion in Eq. (5b) becomes more pronounced for rapidly varying disturbances, e.g., when self-steepening occurs.
The anisotropy factor σ only appears in the velocity flux term in Eq. (5b). Losses are all proportional to α and have intriguing fluid interpretations. For example, the spin relaxation term drives the spin density to the equilibrium configuration n = h 0 /(σ −ū 2 ) [31] . The viscous loss term is the magnetic analogue of viscous friction in a Newtonian fluid.
The first term on the right hand side in Eq. (5a) includes the flux of angular momentum or spin current density in theẑ direction,
expressed here in units of J/m 2 .
In the context of spin hydrodynamics, Eq. (7) embodies the physical understanding of the fluid variables discussed above. First, the spin density sets the basis direction for the component of spin transport. Second, the prefactor 1 − n 2 is consistent with the interpretation that a maximal spin current is obtained for saturation, n = 0, while no spin current exists at vacuum, n = ±1. Third, the fluid velocity is directly
proportional to the spin current magnitude and describes its flow direction. The same conclusions can be obtained from the point of view of equilibrium spin currents between exchange-coupled spins in a continuum approximation [33] .
It is important to stress that the spin current in Eq. (7) is related to hydrodynamic quantities that evolve in time via the DH equations (5a) and (5b). Therefore, the spin current also evolves in time. This feature was recently recognized to describe the far-from-equilibrium transfer of angular momentum in the picosecond evolution of the spatial magnetization in GdFeCo ferrimagnetic amorphous thin films subject to ultrafast optical pumping [34] .
Superfluid limit
The DH equations (5a) and (5b) can be simplified in the long wavelength, in-plane limit, when |n| 1,
, and |∆n| 1. The resulting equations are
In the idealized scenario of a static texture with constant fluid velocity (∂Φ/∂t = 0 and ∇ · u = 0), the damping terms are eliminated from Eqs. (8a) and (8b). This scenario corresponds to the dissipationless spin transport identified in Ref. [29] . These equations also support so-called spin superfluids when ∂Φ/∂t = 0 [28] . The analogy between a spin superfluid and superfluid mass transport or charge supercurrent is based on topological arguments: the noncollinear state is mapped into an order parameter that exhibits a nonzero winding number and is formally identical to superfluidity. However, any magnetization dynamics will dissipate energy via damping, as is clear from the viscous terms in Eq. (8b) proportional to α.
Bose-Einstein condensate limit
Another interesting limit is that of a perpendicularly magnetized easy-plane ferromagnet (σ = 1) subject to small perturbations. In this case, exchange spin waves [35] are excited. The DH equations can be rewritten as a function of the spin density deviation ρ = 1 − n, where n is close to 1 (vacuum). The resulting equations, upon renormalization of fluid velocity, space, time, and field read [31] ∂ρ ∂t
and describe a repulsive Bose-Einstein condensate (BEC) with trapping potential U = h 0 [36] . Physically, this analogy corresponds to the bosonic character of magnons [8] .
Two-component Bose-Einstein condensate limit
The conservative, one-dimensional reduction of Eqs. (5a) and (5b), i.e., when ∇ → ∂ x , u = u ·x, and α = 0, coincides exactly with the equations describing polarization waves in one-dimensional, two-component BECs [37, 38] . These equations have been recently shown to support many interesting nonlinear wave phenomena including dispersive shock waves [39] from a fast spatial transition [40, 41] .
Uniform solutions and topology
The simplest solution to Eqs. (5a) and (5b) are the family of static, constant density and fluid velocity states, (n,ū),
whereξ is the flow direction in the film's plane. These solutions are SDWs that exhibit dissipationless spin transport [29] as described before.
In the conservative limit, when α = 0, SDWs can be dynamic, precessional textures. These solutions have been generically termed uniform hydrodynamic states (UHSs) [25, 31] that exhibit a spatially-uniform precessional frequency
Both SDWs and UHSs exhibit a single-chirality spatial rotation along theẑ axis. This implies that both textures are topologically protected via a nonzero winding number [25, 28] .
Spin wave dispersion and stability
The stability of SDWs and UHSs ultimately concerns the manner in which perturbations to these solutions evolve. Generically, small amplitude perturbations are spin waves that carry energy away from the host SDW or UHS. If perturbations grow in time or the generation of spin waves is energetically favorable, then the host state is unstable. This latter rationale was proposed by Landau in his criterion for superfluidity [42] and has been used in the spin superfluid limit [28, 43, 44] .
A fluid-centric interpretation of stability criteria can be found by analyzing the spin wave dispersion relation on a UHS background [25, 31] 
where k is the wave vector. In the long wavelength limit, |k| → 0, and ifξ = k/|k|, coincident phase and group velocities allow one to identify the speeds of sound
Modulationally unstable regime
When the speeds in Eq. (13) are complex, small fluctuations can grow exponentially. As we now demonstrate, this instability is known as modulational instability (MI) [45, 46] .
MI is possible in easy-plane ferromagnets, σ = 1, only when |ū| > 1. In this case, wavelengths below the exchange length may preclude the validity of the continuum approximation inherent in the LL equation.
One potential resolution of such short-wave hydrodynamic effects could lie in a discrete approach [47] . For uniaxial ferromagnets, σ = −1, the speeds are always complex except when |n| = 1 (vacuum) so that ω ± = ±|k| 2 , i.e., the typical exchange spin wave dispersion relation [35] . In other words, ferromagnets with perpendicular magnetic anisotropy are hydrodynamically unstable and are analogous to attractive BECs [48] and focusing nonlinear optics [49] that support bright solitons. In fact, magnetic solitons in ferromagnets with perpendicular magnetic anisotropy have been predicted and observed [50, 51, 52, 53, 54] . In this case, the exponential growth rate of small perturbations is Γ(k) = Im{ω ± (k) = ±k (1 −n 2 )(σ −ū 2 ) + k 2 }, with k = |k|. Then, the maximum growth rate and associated unstable wavenumber occur when Γ (k max ) = 0,
given by
where k c is the cutoff of the unstable band, see Fig. 2 . Modulational instability is a long-wavelength instability due to the interaction of nonlinear (PMA) and dispersive (exchange) effects, which are wellknown in many physical environments [45, 46] .
Modulationally stable regime
For easy-plane ferromagnets, σ = 1, the speeds of sound in Eq. When M > 1, the flow is supersonic and UHSs can be destabilized by a persistent, large-amplitude disturbance, e.g., a physical obstacle [31] . When M < 1, the flow is laminar and the UHS stably flows around small obstacles. In the BEC and spin superfluid limits, Eq. (15) is equivalent to the Landau criterion for superfluidity [43] . A density versus fluid velocity sub / supersonic phase diagram is shown in Fig. 3(a) .
Topological defects
Because SDWs and UHSs are topologically protected, instabilities must necessarily lead to the nucleation of topological defects. Chirality can be unwound only through a phase singularity known generically as a phase-slip [28, 55, 56] , shown schematically in Fig. 3(b) . From a hydrodynamic perspective, such phase-slips are quantized vortices whose core is a density vacuum point, where n = ±1 [31] . To conserve topology [27] , singularities arise only in pairs whose aggregate topological number is zero, i.e., vortex-antivortex pairs with the same core polarity.
In the presence of finite-sized obstacles, vortex-antivortex pairs can appear even in subsonic conditions. This is because the deflected flow from a physical obstacle can locally become supersonic, resulting in vortex shedding, as is well known for classical fluids undergoing a transition between laminar flow and the onset of turbulence [57, 58] . For easy-plane ferromagnets, such vortex-antivortex pair shedding has been numerically observed [31] as well as their Kelvin motion [59] subject to a texture-induced Magnus force, shown in Fig. 3(c) . In addition, the simulations presented in Ref. [31] showed evidence of superfluid-like behavior [60, 61, 62] , such as von-Kármán-like vortex streets [63, 64] , shown in Fig. 3(d) , and Mach cones with radiating wave-fronts ahead of the obstacle [65, 66] .
Spin transport via spin hydrodynamics
Boundary value problem
One of the primary motivations to explore spin hydrodynamics in ferromagnets is to beat the exponential decay of spin-wave-mediated spin transport via noncollinear magnetization states. Since typical free spin (open) boundary conditions ∂m/∂ν = 0, where ν is the boundary's outward normal, imply u = 0, boundary control is needed to sustain noncollinear (u = 0) spin hydrodynamic states. The simplest example of noncollinear magnetization states have been studied in easy-plane ferromagnetic channels subject to spin injection boundary conditions, shown schematically in Fig 4(a) . The boundaries represent magnetic / nonmagnetic interfaces that may be described as perfect spin sources or sinks [67, 68] or imperfect boundaries, e.g., Pt/Py, subject to spin-mixing conductance [69] or spin pumping [70] . Several physical methods for spin injection have been theoretically and experimentally proposed such as the spin-Hall effect [21, 69] , spin-transfer torque [67, 68, 70, 71] , and the quantum spin-Hall effect [22] .
Independent of the theoretical considerations for the boundary conditions, the equilibrium state is a solution to a boundary value problem (BVP). In other words, the solution necessarily spans the length of the channel and the profile of the solution is determined by the particular boundary conditions. This is in stark contrast to spin waves that are solutions to an initial value problem (IVP), i.e., where the magnet is relaxed into a particular state that is subject to either field or current perturbations and where the transverse physical boundaries play little role in the dominant spin wave characteristics [72] . These fundamental differences between a BVP and an IVP are the reasons why noncollinear magnetization states can beat the exponential decay of spin waves.
For the sake of simplicity, we will consider in this review a perfect spin source coupled with open boundary
whereū 0 andū L represent fluid velocities at the extrema of a ferromagnetic channel of length L in units of exchange length elongated in thex direction so that the configuration has one-dimensional variation
Equilibrium solutions
For the case of a channel subject to spin injection on one extremum,ū 0 = 0 andū L = 0, both linear [28, 69] and nonlinear [25, 68] theory have been used to obtain solutions to the BVP that feature algebraic or nearalgebraic spin transport. Furthermore, these equilibrium solutions consist of a coherent, single-frequency precessional state. Because magnetic damping necessarily must be included in the model, solutions to the BVP can be physically interpreted as dynamical modes that persist due to a nonlocal compensation of magnetic damping.
Linear, dispersionless theory based on Eqs. (8a) and (8b) leads to a diffusion equation ultimately resulting in the so-called spin-superfluid [28, 43, 44, 69, 71, 73, 74, 75] , alternatively linear dissipative exchange flow
This solution is valid for sufficiently weak injection |ū 0 | min(1, αL). The profile predicted by Eq. (17) is shown in Fig. 4 BVP, shown by black circles. Forū 0 = 0.4, the density n exhibits a nonlinear profile as shown by the numerical solution depicted by the solid blue curves. These states have been termed dissipative exchange flows (DEFs) [68] . For even stronger injection, such that the conditions at the injection site are supersonic, a so-called contact soliton centered at x = 0 is established, which then matches to a DEF solution. In this case, short-wave exchange dispersion is essential for the existence of a soliton. The numerical solution for this case is shown by the solid red curves whenū 0 = 0.8. The change in the spatial profiles of the solutions is accompanied by a nonlinear frequency tunability that was determined analytically for each case, as shown in Fig. 4(c) . The full numerical solution is shown by a gray curve.
Micromagnetic simulations have corroborated the existence of this solution both for ferromagnets [68] , termed a contact-soliton DEF, and YIG [70] , termed a soliton-screened spin superfluid. Detailed analytical derivations of all these modes under the DH formulation can be found in Ref. [68] .
In the context of spin transport, the fluid velocity is proportional to the spin current, Eq. (7). It is important to recognize that the net spin transport is set by the boundaries. In the ideal case considered here, the net spin transport is zero because there is no spin sink at the right edge. By taking boundaries into account, spin transport is possible [69] . The extreme example is that of a channel where both extrema are subject to spin injection,ū 0 = 0 andū L = 0. In this case, it has been shown that static solutions similar to SDWs can be stabilized in the context of linear theory [76] , whenū 0 ∼ū L so that n = 0. An analogy to spin Josephson junctions was drawn in Ref. [76] , owing to the spatially homogeneous fluid velocity or spin current supported in these states.
Finally, it is worth noting that spin current transport mediated by the precessional frequency of the equilibrium solution is also possible. In this case, the precessional frequency can give rise to a spin current in an adjacent spin reservoir via spin pumping [11, 12] .
Symmetry-breaking effects
When the easy-plane symmetry of the system is broken, additional terms that are functions of Φ must be included in Eqs. (5a) and (5b) [67] . This can occur, for example, due to magnetocrystalline anisotropy in soft magnets, nonlocal dipole fields in the LL equation [77] , or in-plane applied fields.
For the case of magnetocrystalline anisotropy, the resulting equations of motion take the form of a sineGordon equation in the weak-injection regime [28, 67] . Physically, this implies that equilibrium solutions are trains of Néel domain walls with the same chirality. As a consequence, a threshold current exists, proportional to the energy necessary to tilt the magnetization towards the hard axis [28, 67] . The threshold is linearly proportional to the anisotropy field and the channel length for channels shorter than the domain wall width and saturates at a value proportional to the square root of the anisotropy field for long channels [67] . The threshold also induces a reduction in the precessional frequency, reducing the efficiency of spin pumping into a spin reservoir. The predicted threshold spin current density for typical Permalloy material parameters is on the order of 10 −4 J/m 2 . These values can be obtained by rather large charge current densities on the order of 10 12 A/m 2 via spin Hall or spin torque effects. While such charge current densities in principle achievable, new materials with large spin Hall angle [78] may play an important role to further decrease this figure-of-merit.
Symmetry breaking due to nonlocal dipole fields has been argued to preclude the stabilization of linear DEFs or spin superfluids beyond the distance of an exchange length [73] . However, micromagnetic simulations [25, 67, 68, 70] have demonstrated that SDWs and linear DEF solutions can be stabilized even in the presence of nonlocal dipole fields. Nonlocal dipole has also been studied in the context of the spatial modulation of SDWs [77] . Such a modulation induces a spin wave band diagram, including band gaps, that opens opportunities for noncollinear magnetization states as reprogrammable magnonic crystals [79] .
Finally, we remark that finite temperature micromagnetic simulations have also demonstrated the robustness of UHSs and SDWs to stochastic thermal fields [25] .
Other applications
Theoretical studies of current-induced states in ferromagnetic channels have also explored their interactions with other quasi-particles. A temperature gradient along the ferromagnetic channel can excite spin waves [80] that interact with noncollinear magnetization states in a manner described by a two-fluid model composed of a superfluid and normal fluid [75, 81] . It was also shown that thermally activated vortices on a noncollinear magnetization state [56] diffuse along the ferromagnetic channel and can induce a spin current in an adjacent spin reservoir [82] .
Perspectives and challenges
The field of spin hydrodynamics is undergoing rapid theoretical development that has lead to realistic predictions in various contexts. While this review has emphasized ferromagnetic materials, spin hydrodynamics have been extended beyond, including spin transport in antiferromagnets [83, 84] , noncollinear antiferromagnets [85] , and amorphous materials [86] . These early works have already demonstrated that the hydrodynamic perspective of nonlinear dynamics in magnetic materials results from a distinctly new interpretation that yields significant predictive value. This points toward growing interest in this field of research and a number of intriguing research directions, some of which have already been touched upon in this review. Examples include the exploration of sub-exchange length hydrodynamics, three-dimensional effects, and the dispersive hydrodynamics of more general magnetic order.
Despite the many theoretical predictions, a conclusive experimental observation of spin hydrodynamics in ferromagnets remains elusive. However, recent experimental evidence in antiferromagnets [21, 22] is promising for the development of experimental spin hydrodynamics in ferromagnets.
Perspectives for spin hydrodynamics may be found by cross-fertilizing with the broader field of fluid dynamics. For example, a hydrodynamic analysis of the spatially varying magnetization of ferrimagnetic GdFeCo subject to ultrafast optical pumping suggests the appearance of localized, topological textures at picosecond timescales as well as the onset of turbulent spin transport [34] . More fundamentally, the role of magnetic damping and its fluid interpretation may lead to additional insights on losses in magnetic texture dynamics. Fruitful future research directions also include time-dependent and emergent phenomena [87] such as rare events e.g., rogue waves [88] , and the appearance of nonlinear structures known as dispersive shock waves [39] in both hydrodynamically (modulationally) stable and unstable magnetic configurations.
